October Math Gems

PROBLEM OF THE WEEK 22

§1 Problems

Problem 1.1. If 22 = 2023 +y % = 2023 + = where 7,y € R,  # y
Then, find the value of xy

Problem 1.2. Evaluate the following series

1023

1
| 1+ —
nZ::l 08 ( +n)

Problem 1.3. If tan(x) — tan?(z) = 1, Then, the value of the following expression is
equal to
tan?(z) — 2tan®(z) — tan®(x) + 2tan(z) + 1 =

Problem 1.4. The measure of a regular polygon’s interior angle is 4 times bigger than
the measure of its internal angle. How many sides does the polygon have?

Problem 1.5. How many sides does a convex polygon have if all its external angles are
obtuse?

Problem 1.6. show that the triangle ABC where aT*'C = cot% is right-angled

Problem 1.7. Show that, if in triangle ABC we have cot(A) + cot(B) = 2cot(C) ,then
a? +b? = 2¢2

Problem 1.8. Known that

The minimum value of
Ssinﬁ(x) + 3cos6(:c)

can be written in the form of ab®. Find 4¢b + a

Problem 1.9. show that in any right-angle triangle ABC' we have tan A*TB tan & = 40

a+b’
where A+ B =C

Problem 1.10. If

n—1 r 42 99
;logQ <r+ 1) = H log,.(r + 1)

r=10
What is the value of n
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Problem 1.11. If (2% + 2+ 1)+ (22 +22+3) + (2® + 3z +5) +- - - + (22 + 202 + 39) = 4500
Then, the sum of all possible values of x is

Problem 1.12. The value of the product
ﬁ n? + 2n _a
L2 (n+ )2 b

where a, b are two co-prime integers Then, a + b =

Problem 1.13. .y
4y Tz =39

logs (z —y) +1logg (z +y) =1

Find the value of z

Problem 1.14. Evaluate the sum of the expression

Problem 1.15. If asin®z + bcos? z = ¢, bsin?y + acos’y = d and a = b, then Cb‘—j =

Problem 1.16. In a right angle triangle ABC, sin® a + sin®b + sin® ¢ =

i 1 k
Problem 1.17. If 02 = €9L — AT — [ then be + o + 195 =

Problem 1.18. if asinf 4+ bcosf = bsingp + acos¢ =1 and atanf = btan ¢ then a + b

Problem 1.19. Evaluate the value of the expression

Problem 1.20. If sin(x) + sin? 4 sin® z = 1,then the value of

cosbz —4cos* x4 8cos’ z =

answer. x + y=180 where z is internal angle and y is external angle
x = 4y by substitution
x =144 and y = 36

W = 144,which means, n = 10 where n is the number of sides
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answer. The summition of all external angles must=360,0btuse angle> 90

let n =3, x1 > 90,29 > 90,23 > 90, where n is the number of sides and x is external
angle

r1 + xo + x3 > 270 which is possible

let n =4, 1 > 90,29 > 90,23 > 90,24 > 90 x| + x2 + x3 + x4 > 360 which is impossible.

So, the solution is 3 O
answer. Using sine theorem 2=2=¢=m
a=mb=m,c=m
atc _ I A-C
b m+mm o +:2sin#+cos 2 QSingcosg
_ im _ B A-C —
= 2sin 2 2+COS 2 ZSingcos %:2605%+COS 2 QSingcosg
cos A;C — cot B
sin g o 2
note that cos % = cos g
A = B + ¢ which means A = 90, or A+ B = C which means C' = 90 O
answer. + =2
+ =2
_ b2 4c2—a? a4 b2+4a?—c?
- 2bc » 2ac » 2ba

a=mb=mec=m
By substitution you will get the following 2¢? = 2(b? + a? — ¢?)

2¢? = b2 + a? O

answer. ¢=b=¢ =1

a=m,b=m

a—b _ m—m _ —

ath - /Tx’H—m _A+B c
2sin 458 cos AL A—B  sin% A—B C

= —2—27 = tan 552 % 2 = tan £5= tan = ]
2sin AJEB cos A;B 2 cos % 2 2

Checking if the system is defined for two variables is a hard task, so we shall find the eventual solutions to the system and check directly if the system is defined for them. We shall only
+y=0

18
T+ y)j “w We get the system

, we now subtract them

xy = £2. But it can\'t be negative, because 2(x — y)"’ = zy, therefore xy = 2. Substituting back into the system, we get
(z—y)l =2 -2zy+? =2+ —4=1
I ]
2 -yt =3
Pyt =5
“a , we subtract them:
T —y =3
2 2
22% = 8,50 =2and 23 = —2. 4y = — = 1 and yp = — = —1. We now have to check if they are solutions. z; + 1 =3 >0, 2; —y; = 1 >0, 50 (2;1) is a solution to the system.
Ty x5
3+ = —3 <0, s0 (—2;—1) is not a selution

The final solution is x=2.

answer. O]
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answer. Y i1 i(2)" =2+ 2% 2%+ 3% 23 .nx 2"

S (2 4 S (2) S (2) e 4 27
2n+1 ) 2n+1 _ 22 4 2n+1 _ 23 S 2n+1 —ony

n2mtl =370 (2)F = n2n T — (207 = 2) = (n— 1)27H! 4 2 O
answer. divide this equation asin?z + bcos?z = ¢ / cos? z
atan?x 4+ b = csec? r ==> atan’z + b = c(1 + tan’z
tan? x = %
Similarly in the other equation dividing by sin’z
tan?y = %l
a=0b==>a’tan’x = b*tan’y
2 et (a—d)(c—a)
= g:i = (=c)(d-b) H
answer. let C = 900 2 42 + =2 4+sin(90 — A)2+
=2 424 =141=2 O
answer. SBL — ST :ktai”” = k then be +  + 1%
by substitution, = + ;F + 1+k%
2
Pt
ptl=B k= b)) .

answer. Given that asind + bcos) = bsing + acos¢ = 1 atanf = btan ¢ divide the

first equation by cos? you will get
atan®f +b=sec? ==> atan’f + b =1+ tan® 0

2 b—1 _ _ /b=1
tan e—m——>tan9— 1—a

Similarly in the second equation, you will get tan ¢ = i:—‘f

Using the other given atan6 = btan ¢

b—1 __ l—a
a’\/ l—a — b\/ b—1
a _

b :ll)_f‘ll=:>ab—a:b—ab

a—+b=2ab ]
answer. tan89 = tan(90 — 1) = cot 1 tanl * cotl =1

the final result will be tan4b =1 O
answer. +sin®z =1 —sin?z = cos® x

(1 + sin? ) = cos? z squaring both sides

sin? z(1 + sin?z)? = cos*z

(1 —cos?z)(2 — cos?z)? = cos* z

(1 — cos?z)(4 + cos* z — 4 cos? x)

4+ cos*z —4cos?x —4cos?x — cosb x4+ 4cost z = cost x

—cosbx +4costzs —8cosx +4=0

cos®x —4cos* x + 8cos?x =4 ]
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